A method of comparison of exact numerical computations with an asymptotic ray series expansion consisting of the two first terms is proposed. The method makes it unnecessary to derive complicated explicit expressions for the second leading term of the ray series.
INTRODUCTION
The ray method (Alekseev, Babich & Gelchinsky 1961) , having been for a long time practically the only effective tool for wave field computations, has partly lost its significance due to the development of exact numerical techniques, e.g. the reflectivity method (Fuchs & Muller 1971) . However some basic notions of the ray method such as a ray-path, a corresponding 'geometrical' time, etc., remain rather important for the interpretation of both numerical and experimental results. We can say that the nature of any wave is uncertain unless it is associated, at least qualitatively, with some geometrical ray-path. A much more difficult problem is a quantitative comparison of numerical data with two or more terms of the ray series expansion.
The leading (zero-order) term most frequently used in seismic modelling and interpretation is based on the homogeneous plane wave solution and therefore can not explain many effects revealed by numerical methods (Hron & Mikhailenko 1981; Tsvankin el al. 1981; Tsvankin, Kalinin & Pivovarov 1983; Daley & Hron 1983; Gutowski et al. 1984; Tsvankin & Kalinin 1984) . Some of these 'non-geometrical' phenomena can be described accurately by the ray series expansion if the next (first-order) term is taken into account (Daley & Hron 1987; Janovskaya & Roslov 1987) . However, while the zero order term is rather easy to derive, the first order one has a complicated structure which is specific to each particular problem.
In this paper we develop a general technique for the verification of the ray character of transient wave fields obtained by some numerical procedure or experimentally.
Our method does not need explicit expressions for the zero order term nor for the first order one. It is based on a verification of the general relations for ray theory.
As a practical example we analyse the PS arrival with an anomalous polarization excited by a spherical P wave incident on a free surface or on a solid/solid boundary (Hron & Mikhailenko 1981; Tsvankin & Kalinin 1984; Daley & Hron 1987) . We consider a model of a plane interface between two isotropic homogeneous halfspaces (Fig. 1) . If a point source is close to an interface rather intense waves with a shear wave velocity but a longitudinal polarization propagate along the vertical line from the projection of a source on an interface. The amplitude of these anomalous reflected and transmitted PS arrivals is comparable to that of the PP arrivals (50 per cent of the PP wave amplitude for the reflected waves) if a sourceboundary distance is less than 0.5 wavelengths (Tsvankin & Kalinin 1984) .
RAY CHARACTER OF A TRANSIENT ELASTIC WAVE A N D THE METHOD OF ITS VERIFICATION
Let us consider a transient elastic wave obtained by some numerical procedure. For the simplest models the closeness of the ray series expansion to the exact solution can be examined by a direct comparison of numerical results with the explicit asymptotic formulae. However, even for a model of homogeneous isotropic elastic halfspace the complexity of the derivation of the first order term makes the problem rather cumbersome (Daley & Hron 1987) . The essence of i ! Figure 1 . Source-receiver geometry. S is an explosive source, R is a receiver, n is a ray direction for the transmitted PS arrival, c and b are the velocities of P-and S-waves, p is the density. We denote our approach is the numerical expansion of a transient wave into a two-term ray series with subsequent verification of the recurrence relations between the terms. Since the only data required are the kinematics of the wave of interest and the source function, this method can be applied to arbitrary complicated models.
The displacement U(R, t) of a homogeneous isotropic medium in a region where sources are absent is described by the equation d2U at2 c2 grad div U -b2 rot rot U --= 0.
(1)
Here R(x, y, z ) is the vector defined by Cartesian coordinates, c and b are the velocities of the P and S waves. In the space-time version of the ray method (Babich 1979) the displacement is represented as follows:
where t(R) is travel time, f(") is a rapidly varying function and
The ray series expansion (2) is valid if the omitted terms are much less than the two leading ones. In a rigorous formulation of the space-time ray method (Babich 1979; Kiselev 1983 ) the ray series (2) is an asymptotic expansion over negative powers of a dimensionless large parameter p (characteristic frequency).
In the case of a S wave
where n(R) is a unit vector parallel to the ray of S wave (Fig. 1) . The zero order term is a geometrical seismics approximation and so is polarized perpendicular to the ray and tangent to the shear wave's front. For the first order term we have
U(O) and U(l) depend on the initial conditions of the transport equations and therefore can not be obtained unambiguously without information about a source. The vector U(')' is independent of U(O) while U(')I1, which may be called the extrinsic (or additional) component of S wave, is connected with U(O) by a simple relation (Kiselev 1983) :
U(l)ll is responsible for a longitudinal component of the S wave. For other types of waves the recurrence relation (7) should be replaced by analogous ones. It should be mentioned that the first order term decreases with distance more rapidly than the zero order term (as l/lRI2 in a homogeneous medium). The leading term is not sufficient even for a qualitative analysis near these rays where it becomes zero. This is the case for the converted PS wave near vertical ( Fig. 1) . It is natural to suppose that the addition of the first order term will improve the ray expansion in this area.
The formulae (2-7) make it possible to offer the following Definition. Let us say that a shear wave field U(R, t) is of a ray nature in space-time region B(R, t) if
(1) U(R, t) can be represented as a sum
where f(") is the known rapidly varying function [f(" is defined by (3)] while C(R, t) is small enough in a;
(2) The angle between U")(R) and n(R) for every point R E Q is close to 90"; (3) Relation (7) is satisfied in B(R, t) with a high accuracy.
The approximate expression
for U(R,t) in Q(R,t) we shall call the double term ray asymptotic representation (further referred to as DTRR). If we introduce a large parameter p explicitly (Babich 1979; Kiselev 1983 ) the remainder
This definition contains the waveform function f(")(t), ray direction n(R), travel time t(R), and criteria for the verification of conditions 1-3. For a theoretically computed wave the quantities f('), n and t are assumed to be known. In the case of experimentally detected wavefields it is sometimes possible to determine these parameters by standard data processing procedures.
In order to find the amplitude coefficients U(")(R) and U(')(R) we multiply (8) by f(())(t -t) and integrate with respect to time. We consider the case of a transient excitation in the time interval 0 < t < T and assume the functions f (') and f(') to be real, limited and continuous. Then as a Downloaded from https://academic.oup.com/gji/article-abstract/96/2/253/610560 by guest on 31 December 2018 consequence of (3) we have
and neglecting 5 we obtain
Thus we have constructed the unique double term ray representation of a transient wave U(R, t) for f'")(t) and t(R) being fixed. In order to verify whether this double term approximation satisfies our definition we calculated the following errors: div U(O) was determined by numerical differentiation. Now we can briefly outline the main steps of our algorithm. Firstly for a transient wave U(R, t ) we computed the amplitude coefficients U(") and U(l) by means of (12) and (13). Then the double term ray representation (DTRR) was constructed and errors q, 5, E were calculated. If the errors were small enough (for instance less than 10 per cent) we concluded that the ray method in its double-term variant was suitable for the description of U(R, t).
Before passing on to the problem of the anomalous PS wave we should like to point out some possibilities for the generalization of our scheme.
(1) In the case of a smoothly varying medium the only modification needed is a replacement of (7) by the generalized expression (Kiselev 1983) :
(2) The ray series expansion (2) with time-independent amplitudes U("(R) and U(')(R) is inconvenient for the study of long wavelets slowly varying from one period to another and sources varying (e.g. rotating) in time. Such a situation is typical for vibroseis signals. Kiselev (1981) modified the ray scheme to account for slow time variations of amplitudes. Our method can be easily combined with the ideas of this work.
RAY CHARACTER OF THE ANOMALOUS PS WAVE
We shall restrict ourselves to the analysis of the transmitted PS wave excited by an explosive source located near a boundary between two homogeneous isotropic elastic halfspaces (Fig. 1) . The zero order term for the PS wave at vertical turns to zero and therefore produces serious inaccuracies being used alone. Our aim was to determine the coefficients U(O) and U(') and to verify the validity of the DTRR in the area adjacent to vertical. In the recent paper Daley & Hron (1987) investigated the PS wave reflected near vertical from a free surface of an elastic halfspace. They concluded that after the addition of the first order term to the ray asymptotic solution it gives results very similar to those obtained by the exact AlekseevMikhailenko method. Daley & Hron had to derive a rather complicated expression for the first order term which is suitable neither for another model nor for a near-grazing incidence of a P wave on the free surface. We treated a similar problem using our general approach which makes such cumbersome derivations unnecessary.
We used the exact solution based on the numerical computation of the Fourier-Bessel integrals (Tsvankin et al. 1983; Tsvankin & Kalinin 1984) . Tsvankin & Kalinin also gave a detailed analysis of the anomalous PS wave's dynamics both for the reflection and transmission of a P wave at a solid/solid boundary. The numerical technique produced complete synthetic seismograms of vertical and horizontal displacements which included all types of non-geometrical waves. Different wave components such as PS wave could be computed separately.
It is worth going into some practical details of the realization of our algorithm. A PS travel time and ray direction are provided by the geometrical seismics (Fig. 1) . As a function f(')(t) it is natural to take the P wave far field displacement in a homogeneous medium. The analytical expression chosen for f (")(t) was (Fig. 2) :
t<O, t > T .
We introduced normalized distances 6 = h/A, d = d/A, F = r / A , where A = c / f , f is a central frequency in the spectrum off (")(t). Theoretical seismograms were computed using the fast Fourier transformation (FFT) with a time sampling interval At. As a rule the PS wave was calculated separately to avoid interference with the PP amval. Since generally t # l A t (I being an integer) we had to interpolate f (O) and f ( l ) before applying Simpson's rule to compute the integrals necessary for (12) and (13). This operation was carried out both for the vertical and horizontal displacements to determine the projections of U(")(@~) and U(')(U$'!). For the correct application of (12) and (13) we must know t with a very high accuracy. Our computations showed that in spite of a rather fine time sampling (At = T/30) shifting of t to the nearest t = I At produced substantial deviations of UT! and U$!;.
At the next step the vertical and horizontal components of the double term ray representation (fiz,r) and of the error q ( v~,~) were calculated. If qz,, did not exceed 10 per cent we considered the first condition to be satisfied and verified the other conditions of our definition. Since the ray direction n was known it was rather easy to find f; using U::;, Ug:. In order to verify the recurrence ray relation (7) wave has a longitudinal polarizaton (r-component is zero) and its form is close to f ( ' ) ( t ) . When a receiver is shifted away from the vertical a horizontal component with a waveform similar to f ( " ) ( t ) appears and becomes stronger. However, the influence of the first order term on the vertical component is evident up to i = 2 . Synthetic seismograms indicate that near vertical the zero order term can not be used even for a qualitative interpretation of the PS arrival.
If the first order term is taken into account our technique shows good agreement of the DTRR with the exact solution (Fig. 3) . The error q = max {qz, q,} does not exceed 5 per cent; as to the correctness of the recurrence relation (7) the corresponding error E is even smaller than q, f;: E < 2-3 per cent. For all parameters considered E turned out to be much smaller than q, f;, at least for q, f;<10-15 per cent. Thus the accuracy of the DTRR is governed by the errors q and f;.
Near vertical the PS wave is entirely formed by the first order term (Fig. 3) and lU(l)Ll << lU(l)lll. On the contrary for f>2-2.5 the zero order term dominates and the PS wave can be described by geometrical seismics. The error q seems to be almost constant for different P. The growth of f;
for P > 1.5 when a receiver is moving away from vertical is caused by our definition of f; being unsuccessful for perpendicular to the ray for 1.5 < f < 2.5 does not exceed 1".
IU(l)) << IU(O)(. The real deviation of U(O) from the
These results provide conclusive evidence that the DTRR is not less accurate in the anomalous area around the vertical than in the surrounding region. The case of the receiver being located near an interface is illustrated by Figs 4 and 5. For small offsets ( f G 0 . 2 5 ) the DTRR gives a sufficient accuracy in spite of a certain growth of the error q. We can see in Fig. 4 that the computed field and its double term representation practically coincide with each other. The PS wave's nature becomes quite different for f > 0.25 due to the influence of the so-called leaking and pseudospherical non-geometrical waves (Tsvankin et al. 1981 (Tsvankin et al. , 1983 Daley & Hron 1983) . It is impossible to describe these PS arrivals of a diffracted nature associated with source-generated inhomogeneous waves by the ray series expansion (2). Near their initial waveform. However U(") is not perpendicular to the ray since the error 5 is more than 20 per cent. For greater offsets the discrepancy between lJz and Uz becomes evident.
It is interesting that the area of the anomalous PS wave polarization is followed directly by the area of nongeometrical wave propagation. Thus in the case of a receiver being close to the boundary, geometrical seismics is valid neither for small nor for large source-receiver offsets. We assume the DTRR to be correct if the greatest error E,,,
does not exceed 10 per cent. The first obvious 'non-ray' area is F > fcr though in the vicinity of the critical point the ray formulae are still working. Non-geometrical waves mentioned above are very weak for h > 0.75-1 but in this case an amplitude of the ordinary PS wave is also relatively small in the anomalous area. If the distance from a source to an interface is more than 1/4 the DTRR is valid for all f < f c r (Fig. 6) . When a source is moving towards the interface the accuracy of the DTRR decreases, and for h = 0, 1 E,,, < 10 per cent only if d > 1.
Summing up we may say that the ray series expansion, consisting of two leading terms, gives an adequate description of the anomalous polarization of the PS arrival for a wide range of source-receiver configurations. It should be mentioned that the area where the PS wave can be described by the leading term alone exists only for sufficiently large d.
The influence of the elastic constants on the accuracy of the DTRR manifests mainly through the position of the critical point FCr. Inside the area of the anomalous PS wave polarization, variations of parameters x , 6 and 6, change the ratios of errors q, 5, E leaving E,,, almost immutable.
If a source or a receiver is moving away from the interface the DTRR inaccuracies decrease due to the wavefronts becoming more plane. This decrease is more rapid for small h (if d is a variable) and for small d (if h is a variable) ( Our results demonstrate that inside the area of validity of the D T R R the ratio ~U ( ' ) -L~/~U ( l ) l l~ is close to the error E~; ,~ or even smaller. This conclusion can be drawn directly from the analysis of seismograms in Fig. 2 . The r-component waveforms (horizontal for small F close t o the perpendicular to the ray) look very similar to f'")(t) indicating an influence of U(')l t o be practically negligible. Apparently in many cases we may omit the component U(l)' and therefore simplify the ray solution considerably.
DISCUSSION A N D CONCLUSIONS
A general method of verification of the space-time ray method has been developed. Our approach is based on the expansion of a transient elastic wave obtained by some exact numerical technique into a two-term ray series with a subsequent Cerification of the general ray theory relations. This method makes it unnecessary to derive complicated expressions for the additional (first-order) term of the ray series expansion.
The verification of the ray character of the anomalous PS arrival excited by a P wave incident on a solid/solid boundary has been carried out. If the first order term is taken into account the ray method gives an accurate description of the PS wave in most of the anomalous area.
The additional term is formed mainly by the extrinsic component u(')ll.
Deviations from the ray theory have been analysed. Inside the area of the anomalous polarization the accuracy of the DTRR increases when a source or a receiver is moving away from the interface and practically does not depend on the source-receiver offset.
The range of applications of the proposed method is much broader than the particular problem considered in this paper. It can be used in the ray interpretation not only of body waves but also of surface waves, and of diffracted arrivals (e.g. in a caustics region). In principle our approach is applicable to electromagnetic wave fields as well as to elastic and acoustic ones.
The simplicity of our algorithm makes it possible to supplement any method of numerical wave field modelling with it. O n the one hand it will allow us t o determine the limits of applicability of the ray method in its two-term variant for a variety of models and in some cases to replace the time consuming numerical methods by asymptotic ones. On the other hand this technique itself is a useful tool in the interpretation of numerical and possibly experimental data. This is particularly beneficial when one deals with numerical techniques which can not compute different types of waves separately (e.g. finite-difference methods).
